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This report address the issue of launching an extra solar satellite from earth and doing so by achieving a
gravity assist from the planet Jupiter. A theoretical calculation finds that, by using a combination of a
gravity assist and the velocity of the Earth, it is possible to achieve a significant reduction in launch energy.
This reduction equates to an approximately 50% reduction in launch velocity. A multi body gravitational
interaction model is produced and used to solve the gravitational interactions between: the Sun, the satellite,
Earth, Jupiter and Mars. This model is then used to test the theory. It is found that gravity assists limit the
direction and time of launch of the satellite significantly.
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I.

INTRODUCTION

There is scope in modern day telecommunications and
scientific research for a requirement to produce satellites
that may need to travel beyond the inner solar system.
Several such satellites have already been built and tested,
notably, Voyager 1 & 2. These satellites were launched
on Sept 5 1977 and they have travelled beyond the solar
system. This report addresses two key issues. Firstly, to
present a suitable model that can be used for predicting
the motion of the satellite throughout the solar system,
hence solving a multi-body gravitational problem. Secondly, this report discusses the advantages and challenges
of using a gravitational assist, around the planet Jupiter,
to reduce the launch payload. Finally, an attempt will be
made to optimise the trajectory, however, a full solution
is beyond the scope of this project and is no trivial task1 .
A.

Gravitational Assists

It is possible for a satellite to perform a gravitational
assist (slingshot) off a large body, such as a planet, and
hence gain an increase in its energy. As the satellite
travels though the gravitational field of the lager body,
its velocity may be increased substantially. The collision
is elastic and so the planet will slow down, however, since
the mass is large, the effect will be small. This effect is
somewhat analogous to bouncing a ping pong ball off a
train.
1.

r=

In the centre of mass frame, if the satellite has enough
energy to escape the gravitational interaction with the
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Where r is the distance between the two bodies, r1 and
r0 are known orbital parameters. This can be plotted using the code available in Appendix C. Since the mass of
the planet is much greater than the mass of the satellite,
mp >> ms , the centre of mass (COM) can be approximated to be at the centre of the planet. Therefore, the
apparent velocity of the satellite, parallel to the planet’s
motion, will be the difference between the two velocities,
vs|| − vp . In this COM frame, the satellite will complete a hyperbolic orbit around the planet. Since energy
is conserved, it is well known that the satellite’s incoming and outgoing velocities must be equal in magnitude.
Therefore, the satellite will leave the frame with COM velocity, −(vs|| − vp ), exactly the same as when it entered
the frame. Therefore, in the solar frame the satellite will
have velocity,
− (vs|| − vp ) + vp = −vs|| + 2vp .

(2)

If the satellite and the planet have velocities that are
initially opposed to each other then the satellite will net
gain twice the speed of the planet in the solar frame.
If the planet and the satellite have velocities that are
initially in the same direction then the satellite will net
lose twice the speed of the planet.
2.

Proof

a) Electronic

planet, the satellite will enter a hyperbolic orbit, given
by the equation2 ,

Non-Head On Collisions

A head on collision will gain 2vp , as described above;
however, a non-head on collision will not get the full gain
of the interaction with the planet. The motion can be
broken down into the motion for the x and y components,
where the planet moves only in the x axis. Since the
collision is elastic and mp >> ms , the y velocity of the
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2
a satellite must approach the planet with a velocity,
2
2
(vs|| − vp )2 + vs⊥
> vesc
in order to escape the planets gravitational field and continue its journey. It is clear
here that this will introduce an additional angular effect
into the trajectory. This is an area that with more time,
could be researched further. Finally, it is known that,
r
1
1
vesc = 2Gmp ( − ),
(8)
r1
∞
and if we assume that the satellite approaches from infinity, then r1 = ∞ and vesc = 0. So this effect should
not be present in the real system.

FIG. 1. This graph shows the dependence of the velocity gain
as a result of the gravity assist, on the angle between the
planet’s velocity and the satellite’s approach velocity.

planet will not change during the interaction. Therefore,
0
= v sin θ where v and v 0 are velocity before
vys = vys
and after the interaction respectively. θ is the angle of
approach. Thus, vx = v cos θ and,
vx0 = vx + 2vp = vs cos θ + 2vp .
0
0
Thus combining vsx
and vsy
,
q
vs0 = (vs cos θ + 2vp )2 + vs2 sin2 θ
q
= (vs2 + 4vp vs cos θ + 4vp2 .

(4)

1
m∆(v 2 ),
2

1
m(4vp vs cos θ + 4vp2 ).
2

(6)

1
m(4vp2 ).
2

(9)

This will be referred to as a half gravity assist. Alternatively, the satellite could be launched in anti-phase with
the earth. Initially expending more energy, but achieving
an energy gain of up to,
∆E =

1
m(4vp vs + 4vp2 ),
2

(10)

from the interaction with Jupiter. Referred to herein as
a full gravity assist.
1.

Half Gravity Assist

The escape energy of the solar system is given by,


1
1
E = Gms Msol ×
−
,
(11)
r1
∞

(7)

Of course, for this to be notable there is an implicit assumption that the gravitational potential must be, in
some way, comparable to the kinetic energy of the satellite.
B.

∆E =

(5)

equation 4 can be re-arranged and substituted into 6 to
give,
∆E =

Calculating the Best Possible Trajectory

Given the theory discussed above, there are presently
two basic trajectory options. Firstly, using the velocity
of the earth to provide some energy to get to Jupiter.
However, since all of the planets orbit the sun in the
same direction, the best possible approach angle will be
θ > π2 . Thus achieving an maximum energy gain of,

(3)

This has linier dependence on vs and vp and a cosine dependence the angle as shown in figure 1. If this slingshot
is required to overcome further gravitational potential energy then the difference in the energy will be of interest.
Since,
∆E =

C.

Minimum Approach Velocity

If the satellite approaches Jupiter, with a velocity in
excess of the escape velocity, (60500ms−1 ), then according to the theory, the satellite will gain 2vp . However, if the satellite does not have this velocity, then
it may gain the escape velocity from the planet. Thus

where, msol is the mass of the solar system, ms is the
mass of the satellite; this will be set to 117Kgs as this
was the mass of the Voyager craft. All other parameters have their usual meaning. The escape energy from
Jupiter, r = rj = 5.195Au, is 1.907 × 1032 J and conveniently equals the energy gained from a half gravity assist
manoeuvre to 3 significant figures. Since some energy is
being provided by the motion of the earth, the launch
energy (i.e. the energy required once outside the earth
gravitational field) will be given by,


1
1
1
E = Gms Msol ×
−
− ms ve2
(12)
re
rj
2
= 2.81 × 1010 J.

(13)

Satellites Beyond Jupiter : Project Report
2.

3
A.

Full Gravity Assist

For a full gravity assist 4.23×1010 J would be obtained
from the gravitational interaction with Jupiter. This
would be more than sufficient to escape the solar system and would result in a large velocity once out of it.
Therefore, the only energy required is that to, a) overcome the earths initial velocity and, b) get to Jupiter.
Hence the required launch energy (i.e. the energy required once outside the earth gravitational field) will be
given by

E = Gms Msol ×

1
1
−
re
rj



= 1.32 × 1011 J.

1
+ ms ve2 ,
2

(15)

Conclusions

For a simplistic 4 body problem, the optimum route
choice is clearly a half slingshot off Jupiter. However,
for more complicated missions, if a high final velocity
is a requirement, a more complicated route, involving
slowing the satellite down and achieving a reverse full
gravity assist off Venus, may prove to be a viable option.
However, more time would be needed to calculate this.
One such situation would be human interstellar travel,
when the additional launch energy and time spent around
Venus may save a significant amount of journey time.

II.

THE MODEL

To analyse the motion of the satellite during a gravity
assist, a three body problem will need to be constructed
containing the Sun, the satellite and Jupiter. This is impossible to solve analytically, however, it is possible to
solve computationally. At this point, the value in pursuing analytical solutions diminishes and it becomes more
sensible to construct a n body solution, using solely Newtons laws of motion,
F = m(a).

(16)

Where m is the mass (as before) and a is the acceleration.
F is given by,
Fi =

Gmi mj ri→j
.
r3

For two bodies, the force can be evaluated using equation 17. Using equation 16, an acceleration can be found
for each body. A second order Runge Kutta integration
routine can then be utilised to obtain the positions of
both bodies as a function of time. By using the conservation of angular momentum, an approximate error on
each numerical step can be calculated. Thus an adaptive step size can be implemented, to only allow steps
where the change in the total angular momentum does
not exceed 0.1% of the total value.

(14)

This is 5 times more than that required for a half gravity
assist. Some of this energy could of course be gained by
slowing the satellite down using a slingshot off Venus.

3.

The Two Body Model

(17)

Where r is a vector from body i to body j and all other
parameters have their usual meaning.

B.

Extension to n bodies

It is possible to extend this to n bodies by using a
pair of nested f or loops. This will analyse the forces
between each pair of bodies individually. Then, by summing the results to find an overall acceleration and utilising a Runge Kutta routine to evolve the system, a time
dependant model can be generated for n bodies. This
is computationally intensive however, since the only assumption is that equation 16 holds true, it can be used
to check the assumptions made in the previous calculations. It will also highlight any unexpected results of
the slingshot. Although it is recommended to re-run the
routine using a higher accuracy (smaller step size) before
researching unusual results.

III.

RESULTS

The model was produced and three sets of results were
obtained. However, for the fine details of the slingshot,
step sizes of 10−300 s were required. As such, a minimum
step size of 0.1s was implemented.

A.

Test 1 : Angular Dependence on Trajectory

In Section I A 2 a cosine dependence on energy gained
and launch angle was predicted. By setting up the model
appropriately, this dependence was tested.

1.

Method

Jupiter was placed at the origin, (x, y) = (0, 0), with
velocity component completely in the x direction. The
satellite was placed a fixed radius, r, away and aimed
towards the origin, while the angle, θ, was varied. Measures were taken to detect a crash and no crashes occurred. The velocity of the satellite was 1000ms−1 , the
only bodies in the integration routine were the satellite
and Jupiter.
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2.

Results

4
frame. Therefore the satellite must be launched with
significantly more velocity than that required to reach
Jupiter and hence when it does it will be travelling close
to perpendicular to the planet’s motion and will perform
a gravity assist. An example would be;

The theory predicted results with an angular cosine
dependence and energy gain of around 1010 J. The results obtained matched this prediction; however, the angular dependence was found to be much stronger than 1 t = t − y e a r 2 s e c ( 0 . 2 5 ) + ( 3 6 0 0 ∗ 2 4 ∗ 3 0 ) +
expected, whilst the energy gain was slightly less than
( 3 6 0 0 ∗ 2 4 ∗ 1 6 . 5 ) ; // Launch 0.25 yr earlier and
1 month later and 16.5 days later than
expected. The energy gain can be put down to insuffioriginal launch date ,
ciently small step sizes. The cause of the stronger angular
2 double v e l i n = 2 . 1 9 2 1 e+04 − 0 . 5 ∗ 2 . 1 9 2 1 e +04;
dependence is unknown. One possible cause is that the
// Predicted launch velocity - adjustment
initial velocity was slightly less than the escape velocfor large steps
ity, so the effects mentioned in Section I B may appear.
Further details and results are available in Appendix B.
providing a poor slingshot and launching with twice the
velocity,
B.

Test 2 : Achieving a Gravitational Assist From Jupiter

It was possible, using the model, to attempt to repeat
a journey, based on that of Voyager 1, though the solar
system and achieve a gravity assist off Jupiter. This was
achieved with fairly successful results.

1 t = t − (3600∗24∗8.125) ;
2 double v e l i n = 2 . 1 9 2 1 e +04; // Predicted launch
velocity

will achieve a much better slingshot since the approach
angle is closer to π/2.

C.
1.

Method

To achieve this assist, the model was set up with 5
celestial bodies: the Sun, placed at x = 1, y = 0 with
nil velocity; the Earth, Mars and Jupiter, all placed with
their approximate position and velocity on the launch
date, and finally a satellite. The satellite was refered to
as Voyager, due to its similarity to the missions. This
weighed 117Kg and was placed 1km above the Earths
surface, with velocity radially outwards of ≈ 1000ms−1 ,
at midnight local time. Mars was not used, however,
since the satellite passes close by, it was included for accuracy.
2.

Test 3 : Launch Sensitivity

Observations

The launch dates used for the model Voyager mission,
discussed in section III B above, was found to heavily
affect the power of the achieved slingshot. Whilst the
satellite always seemed to exceed solar escape velocity
(although, this may be due to errors in the later step
sizes,) the amount by which it exceeded this varied by
almost 100%, in the space of 2 hours.

1.

Method

The model used in section III B was used and the following line was adjusted to control the launch date:
1 t = t − year2sec ( 0 . 2 5 ) + (3600∗24∗30) +
( 3 6 0 0 ∗ 2 4 ∗ 1 6 . 5 ) ; // Launch 0.25 yr earlier and
1 month later and 16.5 days later than
original launch date

Two key observations of the model were made during
this analysis:
Data was outputted after every 2 hours of simulated time
a. Errors in the System The non-adaptive integraand the integration ran for 2 years. The velocity line was
tion routine, with 3 hour step sizes, would reach Jupiter
−1
set to:
with a launch velocity as low as 8080ms . This is much
−1
less than the predicted 2191ms in section I C 1. How- 1 double v e l i n = 2 . 1 9 2 1 e +04; // Predicted launch
ever, using the adaptive routine, a launch velocity of half
velocity - adjustment for large steps
the predicted amount would reach Jupiter at its aphelion.
This suggests that the shorter step sizes give a more accurate representation of the system. It also suggests that
2. Results
the model has a tendency to underestimate the strength
of the gravitational interactions.
b. Optimum Trajectory It was noted that if the
The results clearly show that over a range of a few
satellite performs a half gravity assist off Jupiter and is
hours, the satellite could miss Jupiter or gravity assist in
launched with precisely the amount of energy to reach
either direction. Thus launch dates must be accurate to
Jupiter, it will be at its aphelion at Jupiter and hence
within a few hours. Since the Earth rotates on its axis,
be travelling in the same direction. Thus it will ’rethis limits the launch site to somewhere where it will
verse’ gravity assist, hence losing energy in the solar
be midnight local time, at the UTC launch time given,

Satellites Beyond Jupiter : Project Report

5
was corrected, but the data was not updated due to time
constraints.

A.

Potential For Further Investigation

There are two possible routes for further investigation.
A reduction in step sizes is likely to be difficult to achieve,
however, it is very easy to add more bodies to the integration routine. Hence, one possible route for further investigation is to explore more complex paths though the
solar system. An alternative route would be to adjust
the program to allow the satellite to analyse its own trajectory and choose its route, so on each step the satellite
would work out a correction to its course.

Appendix A: Acknowledgement & Bibliography

FIG. 2. This graph shows how the difference between the final
velocity of the satellite and the escape velocity of the satellite
varies, as launch time is changed. It should be noted that the
rotation of the earth is not accounted for. A negative number
indicates the final velocity is in excess of the escape velocity
at that point. t0 is set as the time at which a launch would
pass dangerously close to Jupiter and crash.

to result in the best trajectory. In theory this limits
the launch location, however, in practise launches are
complex and the rocket itself will be able to make minor
course adjustments. The results are illustrated in figure
2

IV.

CONCLUSIONS

A number of final conclusions can be made. Firstly, it
can be concluded that it is possible to use a large solar
bodys velocity, to gain energy in the solar frame via the
gravity assist mechansim discussed above. It can also
be concluded that for most situations, a half gravity assist is the preferable in terms of saving launch energy.
Thirdly, it is possible to approximately solve the solar n
body problem using modern computing techniques. One
method of doing this is presented with this report and
used for this analysis. Using this model, it was determined that an approximately 50% reduction in launch
velocity can be achieved by performing a Jovian gravity
assist. Although, this approach has a 2 key limitations:
firstly, the launch must be at a very precise time and secondly, this limits the direction that the satellite can be
launched in. A final remark should be made, noting that
a bug was found in the adaptive step size routine. This
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FIG. 3. This graph shows the dependence of the slingshot
on the angle between the planet’s velocity and the satellites
approach velocity, as discussed in appendix B

Appendix C: Matlab Code to Plot a Hyperbolic orbit

This code will plot a hyperbolic orbit around Jupiter
for a given set of input parameters.

Appendix B: Test 1 : Angular Dependence on Trajectory

One of the tests performed using the model was to
test the angular dependence of the incoming satellite on
the energy gained by it against formula 7. This test was
completed by setting up the integration routine to model
two bodies. Jupiter was placed at (0, 0), the satellite
was then placed at (r cos θ, r sin θ) where r = 20rj and
θ = [π/6, π/4, 3π/6, π/2, 2π/3, 3π/4, 5π/6]. The launch
velocity was 1000ms−1 and projected towards the centre
of Jupiter. Since Jupiter was moving, the satellite never
crashed into the planets surface. A minimum step size of
0.1s was enforced and every time the model ran, this step
size would have been exceeded. From this it is known
that the error on the total angular momentum was in
excess of 0.1% on every step. Nonetheless, some results
were obtained and they matched the predictions in both
their order of magnitude and their shape.

TABLE I. The energy gain of the gravity assist given by the
model against the predicted gain given by the theory as a
function of approach angle.
Predicted
Launch
Closest
Energy
Energy
Angle Approach
Gained
Gained
(θ)
(m)
(J)
(J)
30
3.242E + 08 2.963E + 10 4.218E + 10
45
6.446E + 08 2.530E + 10 4.170E + 10
60
9.749E + 08 2.101E + 10 4.107E + 10
90
1.390E + 09 1.497E + 10 3.955E + 10
120 1.398E + 09 1.235E + 10 3.803E + 10
135 1.398E + 09 1.174E + 10 3.739E + 10
150 1.398E + 09 1.138E + 10 3.691E + 10

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39

% ===============================================
%
%
Title : Analytical 2 Body
%
Date : 20/12/2013
%
Author : Aaron Jones
%
%
Description : This file shows the two body
%
analytical solution for a
%
satellite entering a
%
hyperbollic orbit around
%
Jupiter from infinity . The
%
calculation starts at r = 500
%
radius Jupiter . gamma and v
%
are the control parameters
%
% ===============================================
clear all
% Set the angle range to be calculated
ang = ( 2 4 0 ∗ pi / 1 8 0 ) : 0 . 0 1 : ( 2 ∗ pi + ( 1 2 0 ∗ pi / 1 8 0 ) ) ;
% ang = (0) :0.01:(2* pi ) ;
% Set the ang =90 radius if the satalite goes in
a straight line ratio
% E . g . r = gamma * rj at ang = pi /2 if the satalite
goes in a striaght line
%
% ---gamma = 1 0 ;
% ----

% Set Up Initial Data
r j = 0 . 6 9 8 5 e8 ; % Radius Jupiter
r a = gamma . ∗ r j ; % As above
r i n i = 500∗ r j ; % Initial radius
G = 0 . 6 6 7 e −10; % gravitaional constant
Mj = 0 . 1 9 0 3 e28 ; % mass jupiter
Ms = 5 ;
% mass satalite
% --------
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40 v = 7 . 5 ∗ sqrt ( 2 ∗G∗Mj/ r i n i ) ; % Initial velocity =
escape velocity
41 % - - - - - - - 42
43 % Angular and total velocites
44 v t h e t a = ( v/ r i n i ) . ∗ r a / r i n i ;
45 v t o t = ( sqrt ( v t h e t a . ∗ r i n i . ∗ v t h e t a . ∗ r i n i + v∗v ) ) ;
46
47 disp ( ’ Set Up Okay ’ ) ;
48
49
50 % Calculate h and lambda
51
52 h = abs ( r i n i . ∗ r i n i . ∗ v t h e t a ) ; % Total angular
momentum
53
54 lambda = G∗ ( Mj + Ms) ;
55
56 disp ( ’h and lambda ok ’ ) ;
57
58 r 0 = h . / v t o t
% Maximum orbit
59

7
60 r 1 = 1 . / ( ( ( 2 . ∗ lambda ) . / ( r 0 . ∗ r 0 . ∗ v t o t . ∗ v t o t ) )
− ( 1 . / r 0 ) ) % Closest approach
61
62
63 disp ( ’ r1 and r0 okay ’ ) ;
64
65 r = 1 . / ( 0 . 5 . ∗ ( ( 1 . / r 0 ) + ( 1 . / r 1 ) − ( ( 1 . / r 1 ) −
( 1 . / r 0 ) ) . ∗ cos ( ang ) ) ) ; % Calculate r
66
67
68 % Plot rj to see if there is a collision
69 size = length ( ang ) ;
70 r j 1 = r j ∗ o n e s ( 1 , size ) ;
71
72 % Plot
73 polar ( ang , r ) ;
74 hold all ;
75 polar ( ang , r j 1 ) ;
76 hold o f f

